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ABSTRACT
We perform a light-cone gauge quantization of the Ramond-Ramond sector of the
closed spinning string in three spacetime dimensions (3D). The spectrum is Lorentz
invariant and identical to that of the 3D Green-Schwarz closed superstring with N = 2
space-time supersymmetry, quantized in light-cone gauge.
1 Introduction
There are two standard formulations of the ten-dimensional (i.e. critical dimension) su-
perstring theory. The first to be found was the “RNS formulation” which was obtained,
as a free string theory, by removing from the combined spectrum of the Ramond [1]
and Neveu-Schwarz [2] spinning strings the states which do not form multiplets of
spacetime supersymmetry using the Gliozzi-Scherk-Olive (GSO) projection [3]. An
alternative light-cone gauge action with manifest spacetime supersymmetry was then
proposed by Green and Schwarz [4] and shown by them to be equivalent (by virtue of
the triality property of the Spin(8) transverse rotation group) to the light-cone gauge-
fixed RNS superstring; in this alternative “GS formulation” the GSO projection is
transformed into the simple requirement of Ramond-type boundary conditions on the
fermionic variables (i.e. periodicity for a closed string). Green and Schwarz subse-
quently found the covariant form of their alternative string action [5], and this is the
natural starting point of the GS formulation of superstring theory.
An intriguing feature of the GS formulation is that even the classical superstring
action exists only for spacetime dimensions D = 3, 4, 6, 10. As for the RNS string,
quantization of the light-cone gauge-fixed action preserves Lorentz invariance if D =
10 but not otherwise for D ≥ 4. Recently, two of us have shown that the Lorentz
invariance, and spacetime supersymmetry, of the superstring are also preserved when
D = 3 although the spectrum then contains particles of irrational spin [6]. It is not
known how to recover this result by covariant quantization of the 3D GS superstring;
one difficulty is that the covariant wave equation for a particle of irrational spin requires
an infinite-component wave-function [7, 8].
Apart from this difficulty there are other well-known difficulties in the covariant
quantization of the superstring in the GS formulation, so it could be useful if there
were some 3D analog of the critical dimension equivalence with the RNS superstring.
The principal new result of this paper is a proof that the 3D GS closed superstring
with N = 2 space-time supersymmetry is equivalent to the Ramond-Ramond sector
of the 3D closed spinning string, which we refer to here as the (3D) “Ramond string”.
In other words, there is indeed a 3D analog of the critical dimension GSO projection:
it involves projecting out the sectors involving NS boundary conditions. We establish
this result by performing a light-cone gauge quantization of the 3D Ramond string
and comparing to the analogous GS superstring results obtained previously [6]. The
spectrum is found to be identical. This means, in particular, that there are states of
irrational spin in the spectrum of the 3D spinning string.
We begin with a discussion of the Ramond string in a Minkowski spacetime of
general dimension D. Our procedure contains some novelties: we use a Hamiltonian
formulation of the action, which we first rewrite in terms of Fourier modes and then
gauge-fix to arrive at a light-cone gauge action, which is still invariant under global
reparametrizations of the worldsheet since we fix the gauge only on the transverse oscil-
lator variables. The two constraints associated to these residual gauge invariances are
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the mass-shell and level-matching constraints, which become physical-state conditions
in the quantum theory.
We then focus on the D = 3 case. All irreducible representations of the 3D Poincare´
group are characterized by the values of the two quadratic Casimirs −P2 = M 2 and
P · J ≡ Λ, where P is the 3-vector translation generator and J the 3-vector
Lorentz rotation generator. In the application to string theory, M 2 and Λ become
commuting operators acting on the one-string Hilbert space, and their joint eigenvalues
determine the spectrum of masses and spins. Spin is not actually defined for zero mass
although there is still a distinction between bosons and fermions [9, 10], and “infinite
spin” [11]. For positive mass eigenvalue M we define “spin” to be the absolute value
of the “relativistic helicity” Λ/M . We establish equivalence of the 3D Ramond string
to the 3D GS superstring by showing that the light-cone gauge expressions for the
operators M 2 and Λ coincide for a particular map between the canonical variables of
the two light-cone gauge string actions.
A corollary of this result is that the worldsheet supersymmetric 3D Ramond string
actually has 3D space-time supersymmetry. We use the equivalence to the 3D Green-
Schwarz superstring to construct the space-time supersymmetry charges of the 3D
Ramond string, in light-cone gauge.
We should stress that the aim of this paper is to establish that two ostensibly
distinct actions describing a free string in three-dimensional Minkowski space actually
have identical physical spectra, which are Lorentz invariant because the usual Lorentz
anomaly in a subcritical dimension D is absent for D = 3. We do not aim here to
overcome any of the obstacles facing the construction of a consistent 3D string theory.
In particular, we do not address the issue of interactions. However, even for a free closed
string there is the issue of modular invariance of the one-loop partition function. We
comment on this in our concluding section because modular invariance of the critical
dimension RNS string requires a sum over worldsheet spin structures, which requires
inclusion of sectors with NS boundary conditions, whereas we consider here the closed
3D string with only Ramond boundary conditions.
2 Ramond string
We start from the Hamiltonian form of the action for the closed spinning string in a
D-dimensional Minkowski space-time; an introduction to the Hamiltonian formalism
applied to the RNS string can be found in the lectures of Henneaux in [12]. The
canonical variables are the commuting D-vectors (X,P ) and the anti-commuting D-
2
vectors (ψ, ψ˜). The action is1
S =
∫
dt
∮
dσ
{
X˙mPm +
i
2
ψ · ψ˙ + i
2
ψ˜ · ˙˜ψ − λH − λ˜H˜ − iχQ − iχ˜Q˜
}
, (2.1)
where the commuting Lagrange multipliers (λ, λ˜) impose the bosonic constraints, with
constraint functions
H =
1
4T
(P − TX ′)2 − i
2
ψ · ψ′ , H˜ = 1
4T
(P + TX ′)
2
+
i
2
ψ˜ · ψ˜′ , (2.2)
and the anticommuting Lagrange multipliers (χ, χ˜) impose the fermionic constraints,
with constraint functions
Q =
1
2
√
T
(P − TX ′) · ψ , Q˜ = 1
2
√
T
(P + TX ′) · ψ˜ . (2.3)
As usual, the primes here indicate a derivative with respect to the string coordinate σ.
We can read off from the action (2.1) the non-zero Poisson Brackets (PBs) of the
canonical variables; in particular,
{ψm(σ), ψn(σ′)}PB =
{
ψ˜m(σ), ψ˜n(σ′)
}
PB
= −iδ(σ − σ′)ηmn , (2.4)
where η is the Minkowski space-time metric (with “mostly plus” signature). A calcu-
lation now shows that the non-zero PBs of the untilded constraint functions are
{Q(σ),Q(σ′)}PB = −iH (σ)δ(σ − σ′)
{Q(σ),H (σ′)}PB = −
[
1
2
Q(σ) + Q(σ′)
]
δ′(σ − σ′)
{H (σ),H (σ′)}PB = [H (σ) + H (σ′)] δ′(σ − σ′) . (2.5)
The same expressions hold for tilded quantities and there are no non-zero PBs between
tilded and untilded constraint functions. From this we see that the constraints are
all first-class, so the constraint functions generate gauge invariances of the canonical
variables. The non-zero infinitesimal gauge transformations are
δX =
1
2T
ξ (P − TX ′) + i
2
√
T
ǫψ , δP = −T (δX)′
δψ = −ξψ′ − 1
2
ξ′ψ − 1
2
√
T
(P − TX ′) ǫ , (2.6)
and
δX =
1
2T
ξ˜ (P + TX ′) +
i
2
√
T
ǫ˜ψ˜ , δP = T (δX)′
δψ˜ = ξ˜ψ˜′ +
1
2
ξ˜′ψ˜ − 1
2
√
T
(P + TX ′) ǫ˜ , (2.7)
1Elimination of Pm leads to the standard action for the spinning string as an action for worldsheet
supergravity coupled to D worldsheet “matter” supermultiplets [13,14], where (ψm, ψ˜m) are the com-
ponents of the world sheet spinor partners to Xm; the Lagrange multipliers become the independent
components of the conformal world sheet graviton supermultiplet.
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where (ξ, ξ˜) and (ǫ, ǫ˜) are, respectively, the commuting and anti-commuting parameters.
Using these results, a computation shows that
δH = − [ξH ]′ − ξ′H − i
2
(ǫQ)′ − iǫ′Q
δQ = − [ξQ]′ − 1
2
ξ′Q −H ǫ , (2.8)
and
δH˜ =
[
ξ˜H˜
]′
+ ξ˜′H˜ +
i
2
(
ǫ˜Q˜
)′
+ iǫ˜′Q˜ ,
δQ˜ =
[
ξ˜Q˜
]′
+
1
2
ξ˜′Q˜ − H˜ ǫ˜ . (2.9)
The action is then found to be invariant if the Lagrange multipliers transform as
δλ = ξ˙ − ξλ′ + λξ′ + iχǫ
δχ = −ξχ′ + 1
2
ξ′χ+ ǫ˙+ λǫ′ − 1
2
λ′ǫ , (2.10)
and
δλ˜ =
˙˜
ξ + ξ˜λ˜ ′ − ξ˜ ′λ˜+ iχ˜ǫ˜,
δχ˜ = ξ˜χ˜ ′ − 1
2
ξ˜ ′χ˜+ ˙˜ǫ+ λ˜ǫ˜ ′ − 1
2
λ˜′ǫ˜ . (2.11)
The action (2.1) is also manifestly Poincare´ invariant, with corresponding Noether
charges
Pm =
∮
dσPm , J mn =
∮
dσ
(
XmP n −XnPm − iψmψn − iψ˜mψ˜n
)
. (2.12)
2.1 Fourier space action
It is convenient to pass to the Fourier space form of the action prior to gauge fixing. We
need only the Ramond-Ramond sector for which the world sheet fermions are periodic;
we call this the closed Ramond string. We shall take the parameter length of the string
to be 2π, so that all worldsheet fields are periodic in σ with period 2π. The appropriate
Fourier series expansions of the canonical variables are
P − TX ′ =
√
T
π
∑
k∈Z
eikσαk , ψ =
1√
2π
∑
k∈Z
eikσ dk(t) ,
P + TX ′ =
√
T
π
∑
k∈Z
e−ikσα˜k , ψ˜ =
1√
2π
∑
k∈Z
e−ikσ d˜k(t) . (2.13)
It follows that
p ≡
∮
dσP =
√
4πT α0 =
√
4πT α˜0 . (2.14)
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The D-vector variable p(t) is canonically conjugate to the integration constant x(t)
that appears on integrating the Fourier series for X ′. We may similarly express the
Lagrange multipliers as Fourier series:
λ =
∑
n∈Z
einσλn , λ˜ =
∑
n∈Z
e−inσλ˜n ,
χ =
∑
n∈Z
einσχn , χ˜ =
∑
n∈Z
e−inσχ˜n . (2.15)
The constraint functions now have the following Fourier series expansions:
H =
1
2π
∑
n∈Z
einσLn , Ln =
1
2
∑
k∈Z
[αk · αn−k − k dk · dn−k] ,
H˜ =
1
2π
∑
n∈Z
e−inσL˜n , L˜n =
1
2
∑
k∈Z
[
α˜k · α˜n−k − k d˜k · d˜n−k
]
, (2.16)
and
Q =
√
1
8π2
∑
n∈Z
einσGn , Gn =
∑
k∈Z
αk · dn−k ,
Q˜ =
√
1
8π2
∑
n∈Z
e−inσG˜n , G˜n =
∑
k∈Z
α˜k · d˜n−k . (2.17)
Using these Fourier series expressions, we find that the Fourier space action is
S =
∫
dt
{
x˙mpm +
i
2
(
d0 · d˙0 + d˜0 · ˙˜d0
)
+ i
∞∑
k=1
[
1
k
(
α˙k · α−k + ˙˜αk · α˜−k
)
+ d−k · d˙k + d˜−k · ˙˜dk
]
−
∑
n∈Z
[
λ−nLn + λ˜−nL˜n +
i√
2
(
χ−nGn + χ˜−nG˜n
)]
 . (2.18)
This action is of course still invariant under the gauge transformations of (2.6) and
(2.7). If the gauge parameters are expressed as the Fourier series
ξ =
∑
n∈Z
einσξn , ξ˜ =
∑
n∈Z
e−inσξ˜n , ǫ =
∑
k∈Z
eikσǫk, ǫ˜ =
∑
k∈Z
e−ikσ ǫ˜k , (2.19)
then we find that the (non-zero) gauge transformations become
δx =
√
1
4πT
∑
k∈Z
[
ξkα−k + ξ˜kα˜−k +
i√
2
(
ǫkd−k + ǫ˜kd˜−k
)]
, (2.20)
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and
δαn = −n
∑
k∈Z
(
iξkαn−k − 1√
2
ǫkdn−k
)
,
δdn = −
∑
k∈Z
[
i
(
n− k
2
)
ξkdn−k − 1√
2
ǫn−k αk
]
,
δα˜n = −n
∑
k∈Z
(
iξkα˜n−k − 1√
2
ǫ˜kd˜n−k
)
,
δd˜n = −
∑
k∈Z
[
i
(
n− k
2
)
ξ˜kd˜n−k − 1√
2
ǫ˜n−k α˜k
]
. (2.21)
These variations imply that
δLn = −
∑
k∈Z
[
i(k + n)ξkLn−k − 1√
2
(k +
n
2
)ǫkGn−k
]
,
δGn = −
∑
k∈Z
[
i(n+
k
2
)ξkGn−k +
√
2 ǫn−kLk
]
, (2.22)
and
δL˜n = −
∑
k∈Z
[
i(k + n)ξ˜kL˜n−k − 1√
2
(k +
n
2
)ǫ˜kG˜n−k
]
,
δG˜n = −
∑
k∈Z
[
i(n+
k
2
)ξkG˜n−k +
√
2 ǫn−kL˜k
]
. (2.23)
The gauge transformations of the Lagrange multipliers are:
δλn = ξ˙n + i
∑
k∈Z
[(2k − n) ξkλn−k − ǫn−kχk] ,
δχn = ǫ˙n +
i
2
∑
k∈Z
[(3k − n) ǫkλn−k + (3k − 2n) ξkλn−k] , (2.24)
and
δλ˜n =
˙˜
ξn + i
∑
k∈Z
[
(2k − n)ξ˜kλ˜n−k − ǫ˜n−rχ˜r
]
,
δχ˜n = ˙˜ǫn +
i
2
∑
k∈Z
[
(3k − n)ǫ˜kλ˜n−k + (3k − 2n) ξ˜kλ˜n−k
]
. (2.25)
Finally, we may express the Poincare´ generators in terms of the Fourier modes:
Pm = pm , J np = xnpp − xppn − i
(
dn0d
p
0 + d˜
n
0 d˜
p
0
)
+ Snp + S˜np , (2.26)
where
Snp =
∑
k 6=0
[
i
k
α
[n
k α
p]
−k − id[n−kdp]k
]
, S˜np =
∑
k 6=0
[
i
k
α˜
[n
k α˜
p]
−k − id˜[n−kd˜p]k
]
. (2.27)
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2.2 Light-cone gauge fixing
We now impose the gauge-fixing conditions
α+k = α˜
+
k = 0 , k 6= 0 ; d+k = d˜+k = 0 , ∀k . (2.28)
Provided that α+0 6= 0, which is equivalent to p− 6= 0, these conditions fix all gauge
invariances2 except those generated by (L0, L˜0). At the same time, all the other con-
straints may be solved for (α−n , α˜
−
n ) and (d
−
n , d˜
−
n ):
α−n = −
1
α+0
Ln (n 6= 0) , d−n = −
1
α+0
Gn (∀n) ,
α˜−n = −
1
α+0
L˜n (n 6= 0) , d˜−n = −
1
α+0
G˜n (∀n) , (2.29)
where
Ln =
1
2
∑
k∈Z
[αk ·αn−k + k dn−k · dk] , Gn =
∑
k∈Z
αk · dn−k , (2.30)
and similarly for (L˜n, G˜n).
The gauge fixed action depends only on the zero modes and the transverse oscillator
variables, and is
S =
∫
dt
{
x˙mpm +
i
2
(
d0 · d˙0 + d˜0 · ˙˜d0
)
+
∞∑
k=1
i
k
(
α−k · α˙k + α˜−k · ˙˜α−k
)
+
∞∑
k=1
i
(
d−k · d˙k + d˜−k · ˙˜dk
)
− λ0L0 − λ˜0L˜0
}
, (2.31)
where
L0 =
1
8πT
(
p2 + 8πTN
)
, L˜0 =
1
8πT
(
p2 + 8πTN˜
)
, (2.32)
with level numbers
N =
∞∑
k=1
(α−k ·αk + k d−k · dk) , N˜ =
∞∑
k=1
(
α˜−k · α˜k + k d˜−k · d˜k
)
. (2.33)
The two surviving constraints, imposed by the Lagrange multipliers (λ0, λ˜0), are equiv-
alent to the mass-shell condition
p2 + M 2 = 0 , M 2 = 4πT
(
N + N˜
)
, (2.34)
and the level-matching condition N = N˜ .
2This is not true for D = 2, in which case one cannot assume that p
−
6= 0 [15] but once D > 2
the issues involved in the assumption that p
−
6= 0 are the same for any D; in particular, they are the
same for D = 3 as for D = 10.
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2.3 The 3D Ramond string
So far the space-time dimension has been arbitrary but now we focus on the 3D case.
In this case there is a single tranverse direction, so the (D−2)-vector variables (αk, α˜k)
have only one-component; we shall therefore drop the boldface notation. The action
(2.31) now simplifies to
S =
∫
dt
{
x˙mpm +
i
2
(
d0d˙0 + d˜0
˙˜d0
)
+
∞∑
k=1
[
i
k
(
α−kα˙k + α˜−k ˙˜α−k
)
+ i
(
d−kd˙k + d˜−k
˙˜dk
)]
− λ0
8πT
(
p2 + 8πTN
)− λ˜0
8πT
(
p2 + 8πTN˜
)}
, (2.35)
where the level-number operators are now
N =
∞∑
k=1
(α−kαk + k d−kdk) , N˜ =
∞∑
k=1
(
α˜−kα˜k + k d˜−kd˜k
)
. (2.36)
In this simplified 3D notation the operators (Ln,Gn) of (2.30) are
Ln =
1
2
∑
k∈Z
[αkαn−k + k dn−kdk] , Gn =
∑
k∈Z
αkdn−k , (2.37)
and similarly for (L˜n, G˜n). At this point it is convenient to make the following obser-
vation: the operators
G0 − α0d0 =
∞∑
k=1
(α−kdk + d−kαk) , G˜0 − α˜0d˜0 =
∞∑
k=1
(
α˜−kd˜k + d˜−kα˜k
)
, (2.38)
satisfy, in the quantum theory,
(G0 − α0d0)2 = N , (G˜0 − α˜0d˜0)2 = N˜ . (2.39)
There is no operator ordering ambiguity in the expressions for (G0, G˜0), so these equa-
tions fix the operator ordering ambiguity in the expressions for (N, N˜), in such a way
that the zero-point energies cancel. In addition, if we take into account the level-
matching condition (N˜ = N) then we have
Ξ2 = M 2 , Ξ =
√
8πT (G0 − α0d0) . (2.40)
The operator Ξ therefore determines the mass spectrum. It annihilates the oscillator
ground state, defined to be the state annihilated by (αk, dk) and (α˜k, d˜k) for k > 0, so
the ground states are massless and all higher-level states are massive.
Our next task is to find the Poincare´ Casimir operator Λ in terms of the canonical
variables of the light-cone gauge action. Prior to gauge fixing, we find that Λ = Λ++Λ−,
where
Λ+ =
1
2
ǫmnp pm (−idn0dp0 + Snp) , Λ− =
1
2
ǫmnp pm
(
−id˜n0 d˜p0 + S˜np
)
. (2.41)
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We will focus on Λ+ as the calculations for Λ− are identical but with tilded rather than
untilded quantities. After fixing the gauge as described above and using the identity∑
n∈Z
G−ndn ≡ 0 , (2.42)
we find that3
Λ+ = p−
(
id−0 d0 − S−2
)
=
√
4πT
∞∑
n=1
i
n
(Lnα−n − αnL−n) . (2.43)
Notice that this expression includes a term linear in d0 coming from the k = n term in
the sum of (2.37) for Ln.
We have now constructed the operators necessary to determine the spectrum of the
closed 3D Ramond string. We will not construct the spectrum explicitly; instead, we
will demonstrate that it is the same as that of the closed 3D GS superstring.
3 Equivalence to the 3D GS superstring
We now want to compare the results obtained above for the closed 3D Ramond closed
string with those obtained in [6] for the closed 3D Green-Schwarz superstring. The
light-cone gauge conditions imposed in [6] included the condition x+(t) = t, but it is
simpler to allow the zero-mode x+(t) to remain an arbitrary function of time, at the
cost of maintaining in the action the mass-shell constraint, as we did above for the
Ramond string. The mass-squared operator can then be read off from this additional
constraint. The bosonic canonical variables in light-cone gauge are obviously the same
as those of the Ramond string, so we here adopt the same notation for them. Taking
these minor modifications into account, we may use the results of [6] to write down the
Fourier-space action in light-cone gauge for the closed 3D GS superstring; it is
S =
∫
dt
{
x˙mPm +
i
2
ϑaϑ˙a + i
∞∑
k=1
[
1
k
(
α−kα˙k + α˜−k ˙˜αk
)
+ ξ−kξ˙k + ξ˜−k
˙˜ξk
]
− 1
4π
ℓ0
(
P2 + M 2
)− u0 (N˜ −N)
}
, (3.1)
where the Poincare´ charges and mass-squared operator are4
P+ = p+ − 2πT
p−
(ν + ν˜) , P− = p− , P2 = p2 , (3.2)
3Since ǫ012 = 1, in our conventions, we have ǫ+−2 = 1.
4The string tension parameter T of [6] is actually 2π times the tension, so we have rescaled the
result of [6] to take this into account.
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and
M 2 = 4πT
(
N + ν + N˜ + ν˜
)
, (3.3)
with
N =
∞∑
k=1
α−kαk, ν =
∞∑
k=1
k ξ−kξk , N˜ =
∞∑
k=1
α˜−kα˜k, ν˜ =
∞∑
k=1
k ξ˜−kξ˜k . (3.4)
It is also useful to recall here the operators Ξ and Ξ˜, which satisfy Ξ2 = M 2 = Ξ˜2:
Ξ =
√
8πT
∞∑
k=1
(αkξ−k + α−kξk) , Ξ˜ =
√
8πT
∞∑
k=1
(α˜kξ˜−k + α˜−kξ˜k) . (3.5)
If we also define5
βn =
1
2
∑
k 6=0,n
αkαn−k , γn =
1
2
∑
k 6=0,n
(n− k) dkdn−k , (3.6)
β˜n =
1
2
∑
k 6=0,n
α˜kα˜n−k , γ˜n =
1
2
∑
k 6=0,n
(n− k) d˜kd˜n−k , (3.7)
then the Casimir Λ can be written as Λ = Λ+ + Λ−, where [6]
Λ+ = 2
√
πT
∞∑
k=1
i
k
[α−k(βk + γk)− (β−k + γ−k)αk] + i√
8
ϑ1Ξ ,
Λ− = 2
√
πT
∞∑
k=1
i
k
[α˜−k(β˜k + γ˜k)− (β˜−k + γ˜−k)α˜k] + i√
8
ϑ2Ξ . (3.8)
Now relabel the variables
xm 7→ xm , Pm 7→ pm , ξk 7→ dk , ξ˜k 7→ d˜k
ϑ1 7→ d0 , ϑ2 7→ d˜0 , ℓ0 7→ λ0 + λ˜0
2T
, u0 7→ λ˜0 − λ0
2
. (3.9)
This renaming makes the lightcone-gauge GS superstring action identical to that of the
Ramond string. The Poincare´ charges, the mass-squared operator and the operators Ξ
and Ξ˜ are also identical. The only further thing required for full quantum-mechanical
equivalence is equivalence of the Casimir Λ. To see this equivalence, we observe that
βk + γk +
k
2
dk = Lk − α0αk . (3.10)
and similarly for the tilded quantities. Therefore,
Λ+ =
√
4πT
∞∑
k=1
i
k
[α−k(βk + γk +
k
2
dk)− (β−k + γ−k − k
2
d−k)αk]
=
√
4πT
∞∑
k=1
i
k
[α−k(Lk − α0αk)− (L−k − α0α−k)αk]
=
√
4πT
∞∑
k=1
i
k
(Lkα−k − αkL−k) , (3.11)
5These expressions are equivalent to those given in [6].
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which is identical to (2.43). The identity of the two Λ− operators, and therefore the full
Λ operators, can be similarly established. Since both 3D Poincare´ Casimir operators
are the same for the two string theories, we conclude that the Ramond superstring and
the GS superstring are quantum mechanically equivalent.
4 Discussion
In this paper we have obtained a gauge-fixed form of the closed Ramond string, in
Hamiltonian form, in a general spacetime dimension D. In principle, the spectrum of
the quantum theory can be read off from the surviving mass-shell and level-matching
constraints, which become the physical-state conditions, but Lorentz invariance is
anomalous for D ≥ 4 unless D = 10. However, the Lorentz anomaly is also absent,
trivially, for D = 3, and in this case the spectrum is determined by the joint eigenvalues
of the operators representing the two Casimirs of the 3D Poincare´ group, one of which
gives the masses and the other the “relativistic helicities”. What we have shown here
is that, for a particular choice of canonical variables, these two operators coincide with
those found previously from an analysis of the 3D closed Green-Schwarz superstring.
More precisely, the closed Ramond string with local (1, 1) worldsheet supersymmetry
is equivalent, in light-cone gauge, to the closed GS superstring with N = 2 spacetime
supersymmetry.
The equivalence of the two 3D Poincare´ Casimir operators holds separately for the
left and right Hilbert spaces of the closed strings, so our results also imply the equiva-
lence of the closed 3D Ramond string with only (1, 0) local worldsheet supersymmetry
(i.e. a 3D heterotic string) to the GS superstring with N = 1 space-time super-
symmetry. Additionally, they imply the equivalence of GS and Ramond 3D strings
with free-end boundary conditions; in this case the Ramond string has a “hidden”
N = 1 space-time supersymmetry. We presume that there is some equivalence for
other choices of open-string boundary conditions but this remains to be investigated.
In the critical dimension, the equivalence of the RNS and GS strings, after GSO
projection, is made possible by the “triality” property of representations of the trans-
verse Spin(8) rotation group. The analogous equivalence established here of the 3D
Ramond string to the 3D GS superstring is made possible by the “triviality” of the
transverse Spin(1) rotation group. Because all oscillator modes are singlets it is not
surprising that the Ramond and GS actions can be mapped into each other. However,
it is not obvious that the helicity operators of these two theories should coincide, be-
cause the way that Lorentz invariance is realized in the two theories prior to gauge
fixing is quite different. Nevertheless, they do coincide. A corollary of this coincidence
is that the spectrum of the 3D closed Ramond string has particles of irrational spin
at level 3 (and above) because this is what was found in [6] for the closed N = 2 GS
superstring.
Another corollary is that the 3D Ramond string actually has a “hidden” spacetime
11
supersymmetry, since this is an explicit feature of the 3D GS superstring, discussed in
detail in [6]. We may use the equivalence to the GS superstring to construct the space-
time supersymmetry generators of the Ramond string, at least in light-cone gauge.
These are
Q1 =
√
1√
2p−
( √
4πT G0√
2 p− d0
)
, Q2 =
√
1√
2p−
( √
4πT G˜0√
2 p− d˜0
)
. (4.1)
It may be checked, using the (anti)commutation relations of canonical variables of the
light-cone gauge-fixed Ramond string, that these supersymmetry charges satisfy the
3D N = 2 supersymmetry algebra; the conventions that are needed for this check are
detailed in [6].
The Lorentz anomaly of a generic subcritical-dimension string quantized in light-
cone gauge is usually considered to be another manifestation of the conformal anomaly
that arises from quantization in conformal gauge, where Lorentz invariance is mani-
fest. Conformal invariance in conformal gauge is a residual gauge invariance, implying
a residual redundancy, and the cost for removing this redundancy in a subcritical
dimension D > 3 is a Lorentz anomaly. The D = 3 situation is quite different, how-
ever, because there is no Lorentz anomaly, at least not if the Lorentz group SO(1, 2)
is replaced by its universal cover. This suggests that there should be an alternative
Lorentz covariant quantization prescription, available only for D = 3, such that the
usual conformal anomaly is absent.
Another, possibly related, issue is modular invariance of the one-loop partition
function. As mentioned in the introduction, the fact that we need only the RR sector
of the 3D RNS string for equivalence with the 3D GS superstring contrasts with the
fact that modular invariance of the critical-dimension RNS string requires the inclusion
of all sectors. To address this we must first discuss the logically prior issue of modular
invariance of the bosonic 3D string: the standard computation shows that modular-
invariance holds only in the critical dimension but D = 3 is again special. The standard
computation starts from a flat Euclidean torus embedded in aD-dimensional Euclidean
space but a flat torus cannot be smoothly embedded into this space when D = 3. This
is perhaps analogous to the fact that closed worldlines can be knotted when D = 3,
which is essentially how the possibility of anyons arises; and anyons are indeed present
in the spectrum of any 3D string.
Given that the 3D bosonic string could be modular invariant because of some addi-
tional contributions to the path integral arising from the above observation, we could
then ask how the RR sector of the 3D RNS string could be modular invariant by itself.
Here we take space-time supersymmetry as our guide. When space-time supersym-
metry is manifest the worldsheet ‘fermions’ must be periodic; in particular, the GS
fermions are always periodic. In the critical dimension, the RNS superstring is not
manifestly supersymmetric, even in light-cone gauge, and all sectors are needed both
for equivalence to the GS string and for modular invariance. In the 3D case, we actually
have something stronger than the critical dimensional “equivalence” because the RR
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sector of the 3D RNS string in light-cone gauge “is” the 3D GS superstring in light-cone
gauge. From this perspective, it is obvious that we must keep only the Ramond sector
of the RNS string because that is what we must do for the GS superstring.
Having made this point, we should perhaps conclude with the following caveat.
It was pointed out in [16] that there is a potential problem with the Green-Schwarz
action because first-quantization of any relativistic theory leads to both positive and
negative energy states whereas manifest spacetime supersymmetry implies positive
energy, assuming the absence of negative norm states. The same point applies equally
to the superparticle, of course, and the resolution there, pointed out in [17] in the
context of a particular unitary gauge, is that there is a correlation (after gauge-fixing)
between the sign of the energy and the sign of the fermion kinetic terms, and this
correlation ensures that the standard supersymmetry algebra holds for both the positive
energy and the negative energy states. In the light-cone gauge fixing of the 3D GS
superstring detailed in [6] it was assumed that p− is positive because this makes the
energy positive, but it follows from the results found there that the sign of p− is
correlated with the sign of the fermion kinetic terms. This is as expected, for the
reasons just given, but there is no analogous sign correlation for the Ramond string. It
is not clear to us what the implications of this difference are, but we remark that the
same observation applies to the RNS/GS equivalence in the critical dimension.
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